The purpose of this paper is to study the hydrodynamic lubrication of solid-solid sliding bearings sustained by a fluid film produced by fusion or sublimation of the slider substance.
Introduction
The purpose of this paper is to study the hydrodynamic lubrication of solid-solid sliding bearings sustained by a fluid film produced by fusion or sublimation of the slider substance.
Lubrication by melting has been studied for a variety of applications, including ice-skating, special metal forming processes, and metal cutting applications [1] [2] [3] [4] [5] [6] . A unique advantage of lubrication by melting or sublimation, is that the lubricant is produced in the region of contact exactly where it is needed between the two solid surfaces. Thus, if the physical and operating conditions are such that a sufficient supply of fluid is developed spontaneously by fusion or sublimation, then the mechanical and systemic difficulties typical of lubricant adduction in conventional lubrication systems can be overcome.
The driving forces for the spontaneous production of lubricant by fusion or sublimation are: imposed temperature differences between the two surfaces in contact; viscous dissipation in the fluid film between the two surfaces; and spontaneous temperature differences due to the ClausiusClapeyron effect of pressure in the region of contact on the melting temperature, for those substances, like water and bismuth, for which an increased pressure reduces the melting temperature. In this paper, we study the relative importance of these three driving forces, and obtain expressions for the friction coefficient as a function of the operating conditions. Our analysis extends that in the literature, especially references 5 and 6, to the case of sublimation and to the range of conditions where the Clausius-Clapeyron effect cannot be neglected. In addition, we give explicit conditions defining the range of validity of the various resulting expressions. 
Assumptions and Governing Equations
The object of our analysis ( Fig. 1) is the fluid film maintained at steady state between the solid slider and the rigid track by fusion or sublimation of the slider substance.
In this section, we write the governing equations (mass, momentum, and energy balance) under a set of reasonable assumptions. The range of validity of the assumptions will be verified later for each of the approximate solutions obtained.
Continuity (for the Solid Slider). The solid slider moves toward the track with a bodily velocity V -w/p s , where p s is the density of the solid slider material and w the rate at which mass melts or sublimates at the solid-fluid interface. At steady state, V is a constant and so is w. In particular, dw ~dx
where x is the horizontal coordinate ( Fig. 1) .
Continuity (for the Fluid Film).
We neglect side leakage effects, i.e., we assume that the slider is much wider than L. We assume that the flow is incompressible, i.e., that Ap/p < < 1, even though the fluid density is not necessarily constant. We assume that the local slope of the solid-fluid inter- face is small, i.e., that \dh(x)/dx\ < < 1, where h(x) is the fluid film thickness at x.
Under the above assumptions, the continuity equation for the fluid film at steady state becomes
where p (x,y) is the fluid density field and u (x,y) the horizontal velocity field.
Momentum Balance. We assume that the fluid film flow is locally inertia free, i.e., that the ratio of convective to viscous terms in the Navier-Stokes equations is negligible. This implies the condition
The range of validity of this condition will be specified by equation (19) . Again, we assume that the flow is locally fully developed, i.e., that the local slope of the solid-fluid interface is small, \dh/dx\ << 1, and that h << L. These conditions will determine the range of validity of our solutions and will be verified later.
The assumptions imply that dp/dy = 0, i.e., the fluid pressure is a function of x only, and that = p' (x) = dp(x)/dx, and /x is the fluid viscosity (assumed constant).
The friction coefficient is given by
where again we used the assumption \dh/dx\ << 1. The steady-state lubrication by the fluid film can be selfsustained only if the mean fluid speed at x = L is greater than U, i.e.,
so that the fluid produced by fusion or sublimation provides a sufficient supply of lubricant. Otherwise, steady-state lubrication can only be maintained if the track surface ahead of the slider is already covered by a fluid film of the slider substance (or other lubricant).
Energy Balance. We will assume that the energy flow is conduction dominated, i.e., that the ratio of convective to conductive terms in the energy equation is negligible. This implies the condition wh ixc
where y.c/k is the Prandtl number of the fluid. The range of validity of this condition will be specified by equation (20). Under the assumption that \dh/dx\ << 1, the energy equation reduces to
with boundary conditions
= wH (9) (10) (11) where T 0 is the temperature imposed on the rigid track, k is the fluid thermal conductivity, H is the enthalpy of fusion or sublimation, and
T s is the fusion or sublimation temperature, p s is the solid-phase density of the slider substance, and p 0 the fluid density at T s andp 0 , The second term in the right-hand side of equation (12) is a linear approximation of the ClausiusClapeyron relation.
Equations (8) + ; + -h 2h 6 24/t where AT = AT(x), h = h{x), and/?' = p' (x) = dp(x)/dx.
Equation of
State. We will consider two cases: (a) the fluid is a constant density liquid (fusion), and (b) the fluid is an ideal gas (sublimation).
Liquid. The density field
where p 0 is the consant density of the fluid. Equations (2), (4) 
12/i whereA = h(x) andp' = p' (x). Equations (1), (13), and (15) are the governing equations in the liquid film case.
Gas. The density field
Equations (2), (4) Using data from Table 1 , we see that, for H 2 0, Bi, Na, and C0 2 Condition 18 requires P << 334MPa, 506MPa, 1802MPa, and 1.6MPa, respectively, and may be verified under a wide range of values of the specific load P.
Under Based on Condition 18, we will assume that the fluid film thickness h is approximately constant, i.e., we will assume h (x) = h 0 and find expressions for h 0 in terms of operating conditions. A better approximation for h(x) is obtained (for the liquid case) by combining equations (1), (13), and (15) to yield a differential equation for h (x). This is done for example, in references [5 and 6] . However, we can show that the next approximation for h (x) is given by
where h 0 is the value we will find, and 8 is a small number (<< 1) depending on operating conditions. Thus, we conclude that the approximation h (x) = h 0 is consistent with the assumption P/p 0 H < < 1 and is verified under a wide range of conditions. 
Dimensionless Parameter
The value of A may be positive or negative depending on the value of the imposed temperature difference AT 0 and, in the case of fusion, on whether the slider substance expands or contracts upon melting.
Liquid or Gaseous Self-Lubrication With \A\ << 1
In this section, we find approximate solutions that are valid if the Clausius-Clapeyron effect of pressure on the phasetransition temperature can be neglected, as was assumed in the analyses in references [5 and 6] . This applies to conditions of slider speed U, track temperature T 0 , and specific load P such that, for the particular slider substance, the dimensionless parameter A is negligible.
Eliminating w from equations (13) and (15) under the assumption that P/p 0 H < < 1 and \A\ << 1, yields for the liquid film case,
Similarly, eliminating w from equations (13) and (17) under the same assumptions, yields, for the gaseous film case, kAT, h
where p m = 2p 0 /R (T 0 + T s ) is the mean density of the gaseous film. Though equations (22) and (23) for the liquid and the gaesous case are different, we may verify that they both admit a solution with h (x) = h Q and
that is consistent with Condition 18, with 1^4 I < < 1, and with equations (1) and (13). The relations between the specific load P and the film thickness h 0 are, however, different in the two cases.
Liquid (\A I < < 1). The dependence of the friction coefficient / and the film thickness h 0 on the slider speed U, slider length L and specific load P are in perfect agreement with the results plotted in reference [5] for the case AT 0 = 0 and in reference [6] for AT 0 * 0.
The self-sustaining lubrication Condition 6 requires
In view of the conditions P/p 0 H < < 1 and \A\ < < 1, the above solution describes a self-sustained steady lubrication by fusion provided that
For example, for H z O, Bi, and Na, using data from Table 1 , the ranges of validity of the solution are, respectively, 
'-[
(34)
In view of the conditons P/p a H < < 1 and \A\ << 1 the above solution describes a self-sustained steady lubrication by sublimation provided that 
Liquid Self-Lubrication With Arbitrary Positive A
In this section, we study conditions in which the ClausiusClapeyron effect of pressure on the melting temperature at the solid-liquid interface cannot be neglected. We restrict our analysis to the most interesting case of slider subtances, like water and bismuth, which expand upon solidification, i.e., such that p 0 > p s .
Eliminating w from equations (13) and (15) where A is defined by equation (21), P is the specific load, and
The solution of equation (38) is
and, therefore, Once B(A) is determined, equation (39) with £/in m/s, P in MPa, AT 0 in K, and L in m.
Conclusions
The friction coefficients obtained in solid slider bearings lubricated by their own melting or sublimation can be extremely low. They range from 10~? to 10" 5 , depending on operating conditions. In practical applications, the adoption of such bearings depends on the break-even point between the cost and power dissipation of a conventional lubrication (46a) system, and the cost and power consumption of a fusion or /2 sublimation bearing. Indeed, the power dissipation is reduced by a very low friction coefficient, but the slider material that is continuously consumed must be regenerated, and this requires (465) in general a cost and a substantial power consumption. We have not addressed the problem of determining such a breakeven point.
We have studied the thermodynamics and fluid mechanics of the self-development of the hydrodynamic lubrication by fusion and sublimation of the solid slider bearing under a wide range of operating conditions. We obtained expressions for the friction coefficient, and conditions for the range of operating conditions that guarantee a self-sustained steadystate lubrication.
